Bookmakers odds are an easily available source of "prospective" information that is often employed for forecasting the outcome of sports events. In order to investigate the statistical properties of bookmakers odds from a variety of bookmakers for a number of different potential outcomes of a sports event, a class of mixed-effects models is explored, providing information about both consensus and (dis)agreement across bookmakers. In an empirical study of the UEFA Champions League, the most prestigious football club competition in Europe, model selection yields a simple and intuitive model with team-specific means for capturing consensus and team-specific standard deviations reflecting agreement across bookmakers. The resulting consensus forecast performs well in practice, exhibiting high correlation with the actual tournament outcome. Furthermore, the agreement across the bookmakers can be shown to be strongly correlated with the predicted consensus and can thus be incorporated in a more parsimonious model for agreement while preserving the same consensus fit.
Introduction
In the course of growing popularity of online sports betting, the analysis of betting markets has been receiving increased interest, often focusing on two types of analyses: (1) testing the forecasting power of the bookmakers, and (2) testing the efficiency of the betting market. Here, we take a somewhat different approach and employ statistical models to explore the heterogeneity in bookmakers' expectations as reflected in their quoted odds. The idea is to capture effects in means and variances of these expectations that can be related naturally to "consensus" and "disagreement" among the bookmakers. The resulting model predictions for the means can then canonically be employed as consensus forecasts and thus relate our work to (1) in the sense above. The approach is illustrated in an analysis of quoted long-term odds for winning the UEFA Champions League 2008/09 for all 32 participating teams by 31 international bookmakers.
In sports betting, bookmakers odds are prospective ratings of the performance of the participating players or teams in a sports competition which vary between the bookmakers. They have been successfully used to predict the outcome of single games (e.g., Spann and Skiera 2009; Song, Boulier, and Stekler 2007; Forrest, Goddard, and Simmons 2005; Dixon and Pope 2004; Boulier and Stekler 2003) . Based on these ideas, Leitner, Zeileis, and Hornik (2009a,b) use aggregated quoted odds of a variety of bookmakers to forecast the outcome of whole tour- Various strategies for aggregating information from different forecasters have been proposed in the literature. Zarnowitz and Lambros (1987) define "consensus" as the degree of agreement among point predictions aimed at the same target by different individuals and "uncertainty" as the diffuseness of the corresponding probability distributions. Consensus forecasts can be computed as the median (Su and Su 1975) or the mean of all the forecasts in the sample (Zarnowitz and Lambros 1987) . The latter is successfully applied by Leitner et al. (2009a) ; Leitner, Zeileis, and Hornik (2009c) to sports competitions. Alternative strategies for the aggregation of forecasts are discussed by Kolb and Stekler (1996) and Schnader and Stekler (1991) . In order to measure "uncertainty" or "disagreement", the standard deviations of the predictive probability distributions are typically used (e.g, Clements 2008; Zarnowitz and Lambros 1987; Lahiri and Teigland 1987) . Furthermore, for the case of inter-rater agreement involving binary choices, Song, Boulier, and Stekler (2009) employ Cohen's kappa coefficient to evaluate forecasts of National Football League games.
Here, we follow Leitner et al. (2009b) and extend their framework for modeling bookmakers odds to a more general model class. The models are based on the bookmakers' expected winning probabilities derived from the raw quoted odds. As these probabilities are necessarily in the unit interval, straightforward linear modeling is not appropriate. We follow the standard technique of employing a suitable link function to transform probabilities to the real line and then using standard linear regressions or rather linear mixed-effects models with normally distributed errors as a generalization thereof. This naturally yields consensus forecasts and (dis)agreement measures as means and variances on the transformed scale, thus providing a convenient statistical framework for the aggregation of bookmakers odds.
Based on bookmakers odds for the occurence of a set of events (e.g., players/teams winning a particular match/tournament), a natural strategy for the computation of consensus and (dis)agreement are event-specific means and variances across the different bookmakers. The statistical modeling framework outlined above contains this strategy as a special case -namely fixed event effects for both means and variances -but also allows exploration of a wider range of model specifications. For example, potential advantages of random vs. fixed effects can be investigated, or effects pertaining to the bookmaker, grouping effects for the different events, or associations between means and variances can be exploited to specify more parsimonious models. In the application to the UEFA Champions League 2008/09, it can be shown that the straightforward strategy of event-specific means and variances performs well in a wide range of models. However it can be improved even further when the association between means and variances is incorporated, i.e., when considering that events with higher probability of occurence also have a higher level of agreement. The resulting bookmaker consensus forecast for the UEFA Champions League 2008/09 performs well in practice, exhibiting a high correlation with the actual tournament outcome.
Tournament and data description 2.1. Tournament
The UEFA Champions League is the most prestigious club competition of the Union of European Football Associations (UEFA) and so one of the most popular annual sports tournaments all over the world. Every year, a selection of European football clubs compete in a multistage format (qualification, group, and knockout stage) to determine the "best" European team. First, 32 teams are determined via three qualification rounds for the group stage and drawn into eight groups (A-H). The number of eligible teams is determined by UEFA's Coefficient Ranking System for its member associations (see below for more details). In the 2008/09 season, teams from 17 associations out of UEFA's 53 members qualified for the group stage. The four teams of each group play a round-robin-every team plays every other team twice (one home and one away match), for a total of twelve games within the group-and the group winners and runners-up advance to the knockout stages. In the knock-out stage, each round's pairings are determined by means of a draw and played under the cup (knock-out) system, on a home-and-away basis, where the winners advance to the next round until two teams remain. The two teams play the final as one single match at a neutral venue yielding the winner of the UEFA Champions League (Union of European Football Associations 2009).
Data

Bookmakers odds
Long-term odds (quoted as decimal odds) for winning the UEFA Champions League 2008/09 were obtained from the websites of 31 international bookmakers for all 32 participating teams on 2008-09-01 (before the tournament started, but after the group draw). The 31 bookmakers are all out of 50 European top-selling online sports bookmakers who offer odds for this event. Figure 1 shows the quoted odds (on a log-axis) for all 32 participating teams of the UEFA Champions League 2008/09 by the 31 bookmakers. It can be seen that the heterogeneity increases along with the level of the quotes odds.
The quoted odds of the bookmakers do not represent the true chances that a team will win the tournament, because they include the stake and a profit margin, better known as the "overround" on the "book" (for further details see e.g., Henery 1999; Forrest et al. 2005) . Assuming that each bookmaker b = 1, . . . , 31 applies the same overround δ b for every team, the implied expected winning probabilities p i,b for team i = 1, . . . , 32 by bookmaker b can be obtained from the raw quoted odds rawodds i,b via 
UEFA's club coefficient and seeding
The UEFA also announces their expectancies for the tournament outcome prior to the tournament by publishing a group draw seeding which is a ranking that is very similar to the technique of employing a suitable link function to transform probabilities to the real line and then using linear models for the transformed data. Various link functions are conceivable; standard choices include the logit or probit link function. In the following, we employ the logit link throughout; using the probit link instead would lead to qualitatively similar results.
On the transformed logit scale, an intuitive and straightfoward strategy would be to compute team-wise means for the consensus and team-wise standard deviations for the disagreement across bookmakers (as suggested by, e.g., Zarnowitz and Lambros 1987). In our application, this simple strategy might be appropriate because we could expect the teams to be sufficiently different and the bookmakers to have rather similar information about the teams. However, from a statistical point of view one should investigate whether this simple strategy is sufficient or can be improved by including additional effects (e.g., pertaining to the bookmakers), or by using a more parsimonious parametrization still giving a good approximation of the underlying data-generating process. Therefore, we propose a stochastic model class that captures the underlying probability distribution on a logit scale and contains the simple strategy as a special case. We assume additive and normally distributed "errors" on the logit scale, providing a natural way for assessment of means and variances in the models.
The model relates the expected winning logits logit(p i,b ) to the (unobservable) "true" winning logits logit(p i ) for team i, reflecting the bookmakers consensus, plus an additional (unobservable) normally-distributed error term i,b of bookmaker b for team i, reflecting the disagreement across the bookmakers. In order to capture these latent quantities by a linear mixed-effects model, we allow the true winning logits to depend on a team effect α i , an association effect β a(i) for association a of team i, as well as an overall intercept ν. The error can additionally depend on µ b , the mean effect of bookmaker b. We also allow different specifications of the standard deviation σ i,b of bookmaker b for team i. In summary, this can be written as
where Z i,b is a standardized error and σ i,b is the standard deviation which can either be constant (σ i,b = σ) or constant within a specific group (σ i,b = σ i : team-specific standard deviation; σ i,b = σ b : bookmaker-specific; or σ i,b = σ a(i) : association-specific). Even if contrasts are employed, this model is overspecified when all three effects α i , β a(i) , and µ b are included as fixed effects due to the dependence of association a(i) on the team i.
In order to overcome this methodological issue, there are various conceivable solutions which can also be motivated by subject-matter considerations: (a) The association effects could be omitted signalling that all teams are sufficiently different. Note that the full team effect then still captures association differences. (b) Alternatively, the team effect could be specified as a random effect (with zero mean) conveying that the winning logits for each team deviate randomly from the mean as captured by the remaining effects (e.g., by fixed association differences). (c) A random effect for the bookmakers would be conceivable implying that the bookmakers' odds deviate randomly from the mean as captured by the remaining effects. 
Model selection
Fitting the 20 conceivable mixed-effects models discussed in the previous sections yields the results in Table 1 which provides the log-likelihood, number of parameters, and associated BIC. In general, the model selection approach shows that all models including fixed team effects perform clearly better than models with a random team effect, even if an additional association effect is included. Furthermore, the models with constant standard deviation are worse than all models using other standard deviation specifications. With respect to the BIC, the best model emerging from Models 1-20 is Model 3 (BIC = 82.13), containing only a fixed team effect (and hence no additional association) and a team-specific standard deviation. The second best model (Model 7) includes an additional random effect for the bookmakers, capturing bookmaker differences. The best four models (Models 3, 4, 7, and 8) have a fixed team effect and a team-or association-specific standard deviation. In summary, this conveys that, as expected, the main differences are across individual teams which require a full fixed effect (and can not be sufficiently captured by more parsimonious parametrizations such as a fixed association effect plus a random team effect). Furthermore, the fact that the bookmaker effect can be omitted or captured as a random effect suggests that there are no large systematic deviations between the bookmakers. Similarly, a team-specific standard deviation is necessary to obtain the best model fit. However, models including association-specific standard deviations are only slightly worse, implying that agreement across bookmakers is driven to a large extent by the association differences.
Model 3 confirms the simple strategy of employing team-specific means for the consensus and team-specific standard deviations for agreement across bookmakers. It is reassuring that this intuitive model has been selected from a more general class of models, where some of the alternatives would have also had appealing interpretations. In Section 4.2 it is shown how the parametrization of the standard deviation can be made more parsimonious while retaining the same consensus (Models 21 and 22 of Table 1 ).
Analysis of the UEFA Champions League 2008/09
4.1. Consensus
The bookmaker consensus for the UEFA Champions League 2008/09 can be derived from the best model (Model 3) by using the estimated winning logits logit( p i ) = ν + α i which equal the team-specific means of the winning logits across the bookmakers for each team (= 1/31 31 b=1 logit(p i,b )). This consensus information on the logit scale can easily be transformed to the associated winning probabilities p i of winning the tournament for all 32 participating teams which are shown in Table 2 . Additionally, the eight origin groups of the preliminaries, and the football association of the teams are shown.
Chelsea FC is seen as the best team of the 32 teams and has the highest probability (13.52%) of winning the tournament. The expected runner-up (if the tournament schedule allows such a final) comes also from England, Manchester United FC (winning probability: 12.00%). The top two are followed by FC Internazionale Milano (10.10%) and FC Barcelona (10.05%). The last four teams are participating for the first time in the tournament and have just a winning probability of 0.21% or less. Using the group information in combination with the winning probabilities of the participating teams (Table 2) Table 3 also provides correlations with the ranking implied by the UEFA's seeding and UEFA's club coefficient of the teams (prior to the group drawn).
This shows that the bookmakers consensus has a very high correlation with the actual outcome (0.798) and performs somewhat better than the rankings based on the UEFA's seeding (0.756) and UEFA's club coefficient (0.754) of the teams. In particular, the bookmaker consensus correctly predicts three of four semifinalists (Chelsea FC, Manchester United, FC Barcelona) and 14 of 16 teams which played the first knockout round.
Agreement
In addition to the consensus of the bookmaker we can also derive the team-specific standard deviations of Model 3. As discussed above, the estimated standard deviations σ i captures the disagreement across the bookmakers. A low standard deviation for a team reflects a low disagreement across the bookmakers, whereas a high standard deviation implies a high disagreement across the bookmakers. The standard deviations σ i for team i for all 32 participating teams are shown in Table 2 .
In general, the team-specific standard deviations are low implying a low disagreement across the 31 bookmakers. The team with the lowest disagreement across the bookmakers is one of the top teams, FC Barcelona, with a standard deviation of 0.065 on the logit scale. Conversely, the team with the highest disagreement (standard deviation 0.494) is Aalborg BK which has a low consensus winning probability. Taking a closer look (see Figure 2) , we can see that the agreement increases with increasing winning logits of the teams. By exploiting this information, our current best model (Model 3) can be improved further by fitting a relationship between the team-specific standard deviations and the fitted values on the logit scale:
where γ 1 , γ 2 , and γ 3 are the function parameters which are estimated by the model (jointly along with the parameters specifying the consensus logit(p i )).
In addition to the power specification above we also investigate a linear specification (γ 3 = 1). By using a linear relationship a much more parsimonious model, reducing the number of estimated parameters from 64 (32+32) to 34 (32+ 2) and improving the model selection criterion (BIC = 67.88) can be fitted (see Model 21 of Table 1 
Team's association
According to the bookmaker consensus (Table 2 ) four teams out of the first seven ranked teams are from England which implies that England is the strongest European association. But what about the other associations? The estimated consensus can also be used to rank the 17 associations of the participating teams. Therefore, we compute the means of the winning logits logit( p i ) of all teams coming from an association a (see Table 4 ). The difference of these means and the overall mean ν of all 32 participating teams can be seen as an implied "association effect" on the logit scale. In addition to the average consensus of an association, Table 4 shows the average disagreement (average standard deviations) and the number of qualified teams of the 17 associations.
There is a strong correlation between the average consensus on the logit scale and the number of qualified teams (0.75) implying that strong associations according to the bookmakers consensus have a higher number of qualified teams (cf., UEFA's determination strategy for the number of eligible teams in Union of European Football Associations 2009). England, Spain and Italy have the maximum number of qualified teams (four), but England with the highest average consensus on the logit scale (−2.33) is the strongest European association. Russia with only one team (FC Zenit St. Petersburg) is rated better than Germany (two teams), France (three teams) and Portugal (two teams). The association with the weakest (average) consensus is clearly Belarus where the team with the lowest probability of winning the Champions League (FC BATE Borisov) comes from.
In addition to the relationship between the association effects and the number of qualified teams, we can also show the relationship between the agreement of the teams and their associations. Table 4 shows that the disagreement across the 31 bookmakers is very low for the teams coming from the top three associations (England, Spain and Italy) and increases with the increasing average consensus.
Copyright © 2010 The Authors. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
Conclusion
Based on quoted bookmakers odds for the occurences of a certain set of events (such as players/teams winning a particular sports match/tournament), this paper investigates a general model class for the unknown "true" logits of the occurence of the events. It is applied to the assessment of consensus and (dis)agreement among 31 international bookmakers for the UEFA Champions League 2008/09. A linear mixed-effects model framework capturing different effects for the teams, the bookmakers as well as for the team's associations and allowing different specifications for the standard deviations leads to a variety of models. According to a model selection approach using the BIC, the natural strategy of using the means of the winning logits as consensus and the team-specific standard deviation as measure for disagreement is appropriate. The estimated winning probabilities derived from the bookmaker consensus predict the actual outcome very well (correlation of 0.798), somewhat better than UEFA's expectations (UEFA's seeding and UEFA's club coefficient). In particular, the bookmaker consensus model correctly predicts three of four semifinalists (Chelsea FC, Manchester United FC, FC Barcelona) and 14 of 16 teams which played the first knockout round. Furthermore, the analysis of the bookmakers agreement implies a negative relationship between the estimated winning probabilities of a team and the disagreement across the bookmakers which can be modeled by a linear relationship or a non-linear relationship. Both extended models capturing these relationships reduce the number of estimated parameters of the model substantially and improve the model selection criterion. By analyzing the team's associations, we show a strong positive relationship between the number of teams coming from an association and the average consensus of the respective association. This reflects UEFA's strategy of allocating more fixed and qualifying slots to "stronger" associations. Finally, we find a strong negative relationship between the disagreement across the bookmakers and the average consensus of an association.
